Abstract-In this paper, we study the relationship between queuing delay for a random packet arrival process and physical layer parameters in a multiple access channel with multiple antennas at the input and output. Our main contribution is the derivation of a simple, analytical approximation for the average delay that clearly indicates the effect of number of transmit and receive antennas, transmission power, the packet arrival rate and the desired reliability. Comparison with numerical analysis indicates that the proposed analytical approximation of the delay is accurate for medium and large SNRs.
I. INTRODUCTION
The information age has seen a profusion of wireless mobile devices that has allowed users to communicate using voice, data and even multimedia. A proper characterization of the achievable performance is required so that users can then be given various service guarantees against a price differential. Some of the parameters of the Quality of service include data rate of transmission, the fidelity of reproducing the information at the receiver(distortion), reliability of the data link (Probability of error), the delay in the availability of the information and the power required for information transmission.
Until the early 90's, majority of the research in both network information theory and networking implicitly assumed the Open Systems Interconnection Basic Reference Model (OSI Model for short) of a network. The OSI model is an layered, abstract description for communications and protocol design. In this model, a networking system is divided into various layers. Within each layer, one or more entities implement its functionality. Each entity interacts directly only with the layer immediately beneath it, and provides facilities for use by the layer above it. The communication between entities in different layers and possibly different hosts is through protocols [2] . The study of the impact of physical layer parameters on the network layer has gained importance of late in the field of cross-layer optimization.
The delay at the physical layer was typically considered to be the time required to transmit and decode a codeword with or without ARQ (Automatic Repeat Request). The effect of random arrival of messages on the physical layer was not given importance. For multi-user systems, Telatar and Gallager laid the foundation of an elegant formulation to determine the queuing delay in a single antenna multiple access channel (MAC) in their seminal paper [3] . This paper effectively dispensed of with the independence notion of the different layers of the OSI model. A processor sharing queue was used to model the queuing in a MAC. In this model, the service process is constant with time. The case where the service rate fluctuates was studied in [4] . Details of the Telatar and Gallager model will be discussed later. Recently more efforts on understanding the queuing delay for MIMO systems have been undertaken [5] , [6] . In [6] , we studied the queuing delay of a MIMO MAC with single user decoding (SUD). Our results from numerical analysis showed that depending on the number of receive antennas, increasing the number of transmit antennas can either increase or decrease the delay. Is this a limitation of single user decoding? Is there a simple relationship between queuing delay and the spatial parameters? Motivated by these questions, we study the queuing delay with joint decoding (JD) in this paper. JD helps us give a lower bound on the minimum achievable delay. In SUD, the received signal from other users is treated as noise. Instead, in JD, we use apriori knowledge of the set of all possible codeword from all users at the receiver for say, successive interference cancellation [7] .
Our main contribution is the derivation of a closed form expression for the queuing delay with joint decoding that accurately matches with numerical evaluation in the limit of large SNR. The analytical expression for delay clearly shows the dependence on system parameters like SNR, number of antennas, probability of error, message size and arrival rate of packets. We observe that the delay is inversely proportional to the minimum of number of transmit and receive antennas.
The system model we espouse is in close concordance with that given in [3] . Notably, the model chosen in [3] bridges models in information theory and queuing theory with a sense of engineering intuitive appeal. After describing the system model in section 2, we summarize the relationship between queuing delay and random coding error exponent in section 3. In section 4, we derive an approximate analytical relationship between the delay and number of transmit and receive antennas that is valid in the high SNR regime. We investigate the accuracy of the approximations in section 5 and conclude in section 6. their information to a single receiver with N receive antennas. Messages are generated according to a Poisson process with rate λ. Each new message is considered to represent a virtual user; each message is of size log K nats. Thus, we have in effect possibly infinite number of transmitters. This abstraction of a user transmitting a single message is useful in modeling the system as a processor sharing queue with the queue at the transmitter being effectively modeled as a queue at the receiver for analytical tractability [3] . Due to this virtual user/transmitter model, we use the terms user and transmitter interchangeably. We denote by u(t), the random variable associated with the number of users in the system at time t. Each user encodes its message into an infinite length codeword for transmission. However, the entire codeword is not transmitted. After successfully decoding the transmitted codeword, the receiver sends a signal to the appropriate user to cease transmission. In the limit of large codeword lengths, this 1 bit of feedback is negligible.
The received signal y ∈ C N at the N receive antennas at time t depends on the transmitted signal according to,
where x i,t , H i and z i are the normalized input, channel and noise random variables. The normalized input vector of the i th user, x i has entries distributed according to a complex Gaussian distribution with 0 mean and unit variance. The real and imaginary entries of the channel matrix
are Gaussian distributed with 0 mean and unit variance. The additive uncorrelated white Gaussian noise, z is distributed according to CN (0, 1). The bandwidth at the receiver is W Hz. The factor of SNR takes into account arbitrary channel gains and non-unit receiver noise power. We assume that the transmitter has no knowledge of the channel and hence the transmitter of each user allocates the total available transmit power equally to all the transmit antennas. However, the receiver has perfect channel state information (CSIR). We also denote by H u
The symmetric MIMO MAC with same number of transmit antennas and power constraints for all users has been chosen for analytical convenience. Only natural logarithms are considered in this paper. In this paper, we consider the channel to be fast fading where the channel codeword is coded across multiple coherence time intervals (fading blocks). We now give a summary description of modeling the queuing delay from an information theoretic perspective in the following section.
III. QUEUING DELAY
The theory of error exponents is used in [3] to relate queuing and physical layer parameters. The error exponent term E o is related to the service rate while the specification on a desired probability of error and message size is related to the demand. Based on a symmetric queue processor sharing model as given in [8] , a numerical evaluation of the end-to-end delay was obtained in [3] . Specifically, in [3] , the random coding bound on the probability of error is used to draw a parallel between the random coding exponent term E o and the service rate for the multiple access queue. From definition of random coding error exponent for continuous channels [9] , the random coding bound is given by
The error exponent term E o is,
Since the channel is known at the receiver, E o simplifies to,
where, the maximum is over all input distributions q x of the codeword and
In general, the q x that maximizes the error exponent is given by a distribution concentrated on a "thin spherical shell" [10] . However, choosing q x as the Gaussian distribution lends itself useful for simplified expressions and a convenient lower bound on the E o (and consequently an upper bound on the probability of error). Therefore, we consider the distribution of the x to be zero mean Gaussian with covariance Q = E xx † . Since, we assume that channel knowledge is not available at the transmitter, Q = SNR M I M . The function E o is related to the queuing parameters as given below.
By making use of the formalism in [3] , each user who communicates with the receiver is modeled as a job in a processor sharing queue. For a queuing delay analysis, we need to express random message arrival parameters and channel parameters in terms of demand and supply. By taking logarithm on both sides of (2) and rearranging the expression, we can write the demand per unit bandwidth for a tolerable error probability and message length (log K) as,
The remaining term after taking logarithm on both sides of (2), (
can be treated as accumulated service. The service rate at time t can be obtained by evaluating the error exponent at time t and scaling it with the bandwidth. Thus, the units of the service rate will be bits/sec.
The service rate at time t with joint decoding can therefore be written as,
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In [3] , since SUD was considered, the sum service rate was the sum of the service requirement of the individual users. Assuming identical channel distribution for all users, the sum service rate for SUD was given as φ(u) = u(t).W.E o (ρ, Q, H 1 ). However, since we are considering joint decoding, all the users are decoded together and hence we compute the joint decoding error exponent E o (ρ, Q, H u ). The average delay in servicing these users(or the average transmission duration) is obtained by Little's Law [11] which relates the delay to the average number of users in the system and the arrival rate of the users. The average delay is given by,D
where the distribution of the number of users is given by [3] , P r {u jobs in the system} = 1
with,
A condition for stability of the system in this case can be derived in a manner similar to [3] and is not shown here. The loading of the queue is defined as, l
The expectation in (9) is over the distribution of the number of codewords for different users. If we make a simplifying assumption that the cardinality of the set of codewords for each user is K and substitute for E[S] from (5),
The average delay can be numerically evaluated by computing the error exponent averaged over various channel realizations for a given probability of error, arrival rate and number of codewords. In order to obtain a closed form expression for the delay, we need a closed form expression for the error exponent. The following section makes use of the scaling law in the limit of large SNR in order to obtain an approximate expression for the average queuing delay.
IV. ANALYTICAL APPROXIMATION
We now derive analytical approximations for the average delay for a MIMO MAC. A closed form expression for the service rate and consequently the error exponent term E o is the key to a closed form expression for the delay. The error exponent term E o is akin to the sum rate capacity expression of a MIMO MAC except for a scaling of the SNR term. By making use of Jensen's inequality in (3), it can be easily shown that the error exponent for the MIMO MAC with joint decoding is given by [12] ,
where the free parameter ρ can be numerically selected over [0, 1] to either minimize delay [3] or to minimize the probability of error [9] . Numerical analysis indicates that ρ = 1 maximizes the error exponent and hence we set ρ = 1. We now make use of scaling laws in the limit of large SNR to obtain closed form expressions for E o . The scaling law for a fast fading MIMO MAC was mentioned in [10] as,
The large SNR assumption is useful in obtaining performance limits for characterizing the queuing delay.
Let us define by
In terms of α t and α r , the service rate can be expressed as,
In the limit of large SNR, we neglect the scaling of the SNR term by (1 + ρ) in (14).
Theorem 1: The average delay for a MIMO MAC under fast fading with no CSIT and full CSIR is approximately given by
The approximation is accurate for large SNR and if the stability conditions are satisfied, viz.,
Proof:
The average delay is given by
By making use of (14), the delay expression can be simplified further. Since the scaling law for the service rate depends on the number of users, we consider two cases, N < M and
and The convergence of the infinite geometric series in (19) is valid when l/α r < 1. The average delay is therefore,
where we have denoted (M/N ) as β.
The normalizing constant C can therefore be written as,
The approximation of the first power series summation in (23) by an exponential series is valid for l/α t < 1. The convergence of the second term in power series expansion in (23) is valid for l/α r < 1.
The average delay can therefore be written as,
By combining the criteria for stability in Case A and B, we get the stability condition as l < min (α t , α r )).
Comment 1: If M < N, the delay is inversely proportional to the number of transmit antennas. Thus, increasing the number of transmit antennas decreases the delay. This decrease in delay is unlike the non-monotonic behavior seen if singleuser decoding is used [6] . Single-user decoding limits the maximum service rate to 1 [3] . Increasing the number of transmit antennas with SUD decreases the service rate further. In contrast, with joint decoding, the delay decreases with addition of antennas at user terminals as seen in (25) and (20) . Therefore, to harness the benefit of multiple antennas for delay in a multiple access setting, joint decoding is critical. The plot of the average delay v/s the number of transmit and receive antennas is shown in Fig. 1 and Fig. 2 . 
V. NUMERICAL EVALUATION
In Figs.1 and 2 , the plots of the average delay v/s the number of transmit and receive antennas indicate that the approximation is valid for high SNR. In Fig. 3 , we plot the delay v/s SNR in dB for a 2 × 2 and a 4 × 4 system with a desired probability of error of 10 −5 . The arrival rate chosen was 0.1 which satisfied the stability condition. As expected, we observe that the delay decreases with increase in the SNR due to the inverse relationship with number of antennas (20). The closed form expression is accurate for medium to large SNR. If N > M, the same trend is seen. In Fig. 4 , we plot the average delay v/s the probability of error by making use of (20). Increasing the specification on the probability of error causes the delay to increase. An arrival rate of 0.1 was chosen. With decrease in P e , the loading of the system, l increases resulting in an increase in the value of the numerator in the approximate expression (20), (25). The probability of error term appears in the denominator too. But, it is scaled by the arrival rate and is negligible compared to the α r term that is asymptotic in SNR. Intuitively speaking, a lower value of probability of error means that the receiver should accumulate successively more values of E o to meet the specification. This would mean that the transmitter has to send more bits and consequently the increase in the delay. Following the trend of Fig. 1 , increasing the SNR, decreases the delay and the approximation becomes more tighter. If N > M , the trend is again similar, but the approximate expression is tighter as M increases.
VI. CONCLUSION
In this paper, we derived a simple closed form approximation for the queuing delay in a MAC with multiple transmit and receive antennas. Our results show that the average delay is inversely proportional to the minimum of the number of transmit and receive antennas. Comparison with numerical analysis indicates that the proposed analytical approximation of the delay is accurate for medium and large SNRs. The existence and design of coding strategies that achieve the performance predicted by using multiuser decoding in the proposed scenario should be investigated in future work. Future work should also consider other arrival processes with long range dependence.
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